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Exact triangles in Seiberg-Witten-Floer theory. 

Part IV: Z-graded monopole homology 
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rz 1 ' 1 Introduction 

o. 

U ' The content of this paper is part of our ongoing project of establishing 

r*j ■ the surgery formulae for Seiberg-Witten-Floer theory. As explained in the 

introductory part of |2[ , if K is a knot in a homology 3-sphere F, we expect 
the Floer homologies of Y and of the manifolds Y\ and Yq obtained by Dehn 
surgery on K with framing 1 and 0, respectively to be related by an exact 
triangle 



> 



c3 



HF^ w {Y ugi ) *HF* w (Y,g) 




® k HFff(Y ,8 k ) 

o 

,J^ ■ There are several subtleties involved in the precise definition of the term 

®HF^(Y , 5k ) 

k 

in the previous diagram. In this paper we explain the precise meaning of 
$-j ' this term. 

More specifically, we analyze some aspects of the construction of the 
Seiberg-Witten-Floer homology of the manifold Yq, obtained by 0-surgery 
on the knot K in the homology sphere Y. The manifold Yq has the homology 
of S 1 x S 2 . For manifolds with &i(F ) > we know (cf. f§, 0, fTJ, 
[p0| ) that there is a well defined Z^ graded Seiberg-Witten-Floer homology 
HFf w (Yq,s), for every choice of a non-trivial Spin c structure s £ S(Yq), 
where the integer £ = £{s) satisfies 

Cl (L)(H 2 (Y ,Z)) = a, 



and S(Yq) denotes the set of Spin c structures on Yq. Here L = det W is 
the determinant line bundle of the spinor bundle W associated to the Spin c 
structure s. We use the equivalent notation L = dets. Here we are assuming 
that ci(L) is non-torsion, hence £ ^ 0. 

In this paper we shall discuss several issues regarding the Floer homol- 
ogy HF^ W (Yo,s). The first is connected to the integer lift of the Z^ graded 
Floer homology. Analogous constructions of integer lifts of Floer homologies 
were derived by Fintushel and Stern 0] , in the case of instanton homology, 
and by Weiping Li 0, in the case of symplectic Floer homology. We fol- 
low closely the construction of Q and show that, in our case, there is a 
well defined integer lift of HF^W^(Yq,s) of the Z^-graded Floer homology, 
here co £ K is a regular value of the Chern-Simons-Dirac functional on the 
infinite cyclic cover space of the gauge equivalence classes of connections 
and spinor sections. By studying the Chern-Simons-Dirac function on this 
infinite cyclic cover space, we will define an integer lift iy of the indices 

of the critical points. We thus form a chain complex C* (Yq,s) depending 

on u 6 I. For any n G Z^, the original Z^-graded Seiberg-Witten-Floer 
chain complex satisfies C n (Yo,s) = ©^^^(10,5) where j = n(mod£). 

In general, after defining a suitable boundary operator on C* (Yq,s), we 
observe that the resulting homology groups HF^Y^-, {Yq,s) do not satisfy the 
simple relation ® k& HF^ k ( ,JY ,s) = HFf w (Y ,s). However, the Floer 
homologies HF^^ , JYq,s) and HF^ w (Yo,s) are related via a spectral 
sequence determined by a filtration of the chain complex C*(lo,s). This 
spectral sequence converges to H F% w (Yq, s) , and the E 1 term coincides 
with HF^^(Yq,s). For instance, in the particular case where all the higher 
differentials in the spectral sequence are zero, then we simply have, for 
ro€{0,l,-..,£-l}, 

neZ 

The arguments we develop in this section extend easily to the general case of 
any 3-manifold (Yq,s) with non-trivial rational homology and with a Spin c - 
structure satisfying ci(s) (^2(^01 Z)) = £Z / 0. 

The second main issue discussed in this paper is a different construction 
of a Z-graded Seiberg-Witten-Floer homology, where the integer lift of the 
original Z^-graded Seiberg-Witten-Floer homology is determined by the ex- 



act triangle, as derived in [y] [12] [13|. Under the surgery identifications of 



the Seiberg-Witten monopoles on Y and Yq, proved in M, there exists a 



one-to-one map 

-* My,i\M.Yi' 



U M ^ s 



(Y) 

Then the Z-valued indices on My,ti define a Z-lifting i Y of the grading 
My (s). The corresponding chain complex CV n )(lo,s) is defined to be 

(Y) 

Z{a G .My (s) : i Y (a) = n}. We will show that the restriction of the 
boundary operator on C*(Yo,$) to Cr n \(Yo,s) is a well-defined boundary 
operator, and the resulting homology groups HFu\(Yq,s) satisfy 

HF* W (Y , 5 ) = @HF™ M) (Y , 3 ). (2) 

The analysis of the splitting and gluing of the moduli spaces of flow lines 
in |l2| play an essential role in the proof of the direct sum formula (||). It 
is precisely these Z-graded monopole homology groups that we use in the 
exact triangles |0H| . 

The third main issue that we discuss in this paper is the construction 
of the Seiberg-Witten-Floer homology on a 3-manifold Yq with b\ (Yq) > 0, 
in the case of a Spin c structure So with torsion ci(detso). This case was 
not included in our original paper |llj. We show that, in this case, the 
boundary operator of the Floer complex is well defined only after separat- 
ing the components of uniform energy in the moduli space M(a,b). This 
is done by introducing a Novikov complex with coefficients in Z [[£]], which 
depends on the non-trivial cohomology class of the perturbation for the 
Chern-Simons-Dirac functional. The component of this Novikov-Floer ho- 
mology fTF* (Yo, So, Z [[£]]) that we are interested in, for the purpose of the 
exact triangle, is the evaluation 

HF^(Y ,So) = HF*(Yo,So,Z[[t}])\ t =o. 

We also generalize the construction of HF^(Yq,5q, Z[[t]]) to a more 
natural setting over the coefficient field of formal Laurent series 
Q((0) = QtMH^ 1 ]- One reason for this definition is that, in this setting, we 
can associate a relative Seiberg-Witten invariant for any 4-manifold (X,$) 
with boundary (Yq,Sq), where ci(s|y ) is a torsion class. Here we introduce 
a non-trivial 1-cycle r in Yq, which depends on the non-trivial cohomology 
class of the perturbation. The corresponding Seiberg-Witten-Floer homol- 
ogy is denoted by HF™ (Y ,*o,Q((<))). 

Suppose given 4-manifold (X,s) with a cylindrical end modeled on 
(Yq,Sq = s\y ), where ci(sq) is a torsion cohomology class in H 2 {Yq.'L). 



We study the perturbed 4-dimensional Seiberg-Witten equations on (X, s) , 
the perturbation for (X, s) is compactible with the perturbation on (Yq,So) 
used to the construction of HF-p^ (Yq,So, Q((t))). For simplicity, we assume 
that r bounds a relative 2-cycle in X, then the relative Seiberg-Witten in- 
variant SWx(s) takes values in HF^ (Yo,So,Q((t))) . We derive the gluing 
formulae for this case. When T does not bound any relative 2-cycle in X, the 
relative invariant takes values in the Seiberg-Witten-Floer homology (Yq,Sq) 
over the coefficient field of formal Laurent series on ^(YqjZ,). The gluing 
formulae along the torsion Spin c structure can be formulated similarly. 

As an example, our gluing formula can be applied to show that, for cer- 
tain particular choice of metric and perturbation on the three torus S 1 x T 2 
with the trivial Spin c structure So, we have 

HF^S 1 xT 2 , So ,Q((t))) =Q((t)), 
and for D 2 x T 2 with the cylindrical end modeled on S 1 x T 2 , we get 

1 



SW D 2 XT 2(S Q ) 



t-t~ 



In the more general setting, these gluing formulae provide useful tools in 
the study of the structure of the Seiberg-Witten-Floer homology groups 
(cf. ||l7| ). The relative invariant SW^2 xT 2(so) can also be applied to knot 
surgery of 4-manifolds to give some of the gluing formulae obtained in H 



and [16 |. 
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2 Seiberg-Witten-Floer homology 

In the following two sections we present two different constructions of an 
integer lift of the Seiberg-Witten-Floer homology. The first case applies 
to the general setting where Yq is a compact 3-manifold with &i(Yo) > 0, 
and the Spin c -structure is non-torsion. The second applies to the special 
case where Yq is obtained by zero-surgery on a knot in a homology 3-sphere 



Y, again with a non-torsion Spin c -structure. In this particular case, the 
integer lift of the Seiberg-Witten-Floer homology that we consider appears 
naturally in the context of the exact triangle formula. 

We give some preliminary definitions. 

Let .My (s) be the moduli space of gauge classes of solutions of suitably 
perturbed Seiberg-Witten equations on a 3-manifold (Yq,s), with 61 (lb) > 
and c\(s) a non-torsion element. A suitable class of perturbations that 
achieves transversality has been introduced in 0]. The perturbation can 
be chosen so that all the solutions in .My (s) are irreducible critical points. 
Thus, under the choice of a generic perturbation, .My (s) is a compact, ori- 
ented, O-dimensional manifold, cut out transversely by the equations inside 
the configuration space B = A/G, where A is the space of pairs formed by 
a [/(l)-connection on det(s) and a spinor section of W, and Q is the group 
of gauge transformations on (Yq,s). 

Recall that we have the Chern-Simons-Dirac functional on A, defined 
as 

CSD(A,iP) = -\ [ (A - A ) A (F A + F Ao - 2^=1 *p) 
+ / (ip,d A ip)dvolY , 

JYo 

with p a co-closed 1-form on Yq. In order to achieve transversality in the 
moduli spaces of flow lines, we consider an additional perturbation of CSD 
by functions U(t\, . . . , rjy) + V(Ci, • • • , (k) as explained in ||. Here tj and 
Cj are functions on A respectively associated to a complete basis {/Uj}^ 
for the co-closed 1? one-forms on Yq and a complete basis {vj} c fL 1 for the 
imaginary- valued one- forms on Yq, 

tj(A, VO = Tj(A -A )= / (A - Aq) A *v /r l / u j 

Jy 

Q(A,ip) = Cj(ip,i>) = / {uj.i(j,ip}dvolY - 

JYo 
The pair (U, V) is chosen from a subspace of functions in 

(J C°°(Jl N ,R) x C°°(1R^,M) 
iv>6i,i<r>o 

completed to a Banach space in the Floer e-norm (as specified in [||). This 
perturbation term is gauge invariant by construction, and CSD changes by 

CSD(\.(A,i/>)) - CSD(A,^) = ((8vr 2 Cl (L) + 4vrM) U [A], [Y ]>, 



where [A] G H 1 (Yq,Z) determines the connected component of Q that con- 
tains A, and is represented by the closed 1-form \ \~ x d\. 

With this choice of perturbation, the Seiberg-Witten equations are of 
the form 



N 



dU 



*F A = a(i/j,iJ;) + ^2—-n J 



K 



i=i 



dV 






for the critical points of the Chern-Simons-Dirac functional, and 



dA 

~dt 

dip 



k dV 



— = -d A il; - E i= i q^Vj^ 



for the corresponding downward gradient flow. 

The Seiberg-Witten-Floer homology groups HF^ w (Y ,s) (cf. |], @, 
[11 1) are the homology groups of (C*(Yo,s),d), where C*(Yo,s) is gener- 
ated by the critical points of the perturbed CSD on B. The entries of the 
boundary operator d are defined by counting the points in the zero dimen- 
sional components of the moduli space of unparameterized flow lines of the 
perturbed functional CSD on B. A considerable amount of technical work 
goes into checking that the moduli spaces of flow lines have all the desired 
properties that make this definition rigorous, and we refer the reader to 
[11| for a precise account. The resulting Floer homology HF^ (Yq,s) is 
Z^-graded with iZ = ci(s)(H2(Yq,7i)). This is due to an ambiguity in the 
index formula computed in terms of the spectral flow of the Hessian opera- 
tor for CSD around a loop in B. To understand this ambiguity, let (A, ip) 
represent a critical point a of CSD on B, let A be a gauge transformation 
whose class [A] G H (Yq, Z) is non-trivial. Then the spectral flow of the Hes- 
sian operator H from X.(A,tjj) to (A, ip) can be calculated from the index 
formula for the linearization of the 4-dimensional Seiberg-Witten equations 
on Yq x S . This gives 



5F( J ff)^ ) = ([A]uc 1 ( s ),[y ])G^. 



(3) 



Remark 2.1. Notice that the periodicity £ is an even number (cf. fflj). In 
fact, the map S(Yq) — > H 2 (Yq,7j), given by s ^ ci(dets), is equivariant with 



respect to the action of H 2 (Yq,Z,), so that we have det(W H) = L (g) H 2 , 
with L = det(W) = det(s) and H G H 2 (Y ,Z), cf. $j. 

There is a natural and non-trivial way to lift these Z^-graded homology 
groups to Z- graded homology groups, so that the Euler characteristic num- 
ber agrees with the original one. Following the idea of Q, we will discuss this 
integer lift and construct a spectral sequence which has the integer lift as 
E 1 term and converges to the original Z^-graded Floer homology. We shall 
then consider a different lifting of the Z^-graded homology groups which is 
relevant to the exact triangles considered in Q, |ji1f| , and Q| . 

3 Z-graded homology groups and the spectral se- 
quence 

The construction we present in this section holds in the general case of a 
3-manifold Yq with b\ (lo) > and a Spin c -structure with non-torsion class 
ci(L). 



As explained in [11], there is a cyclic covering of B, obtained by taking 
the quotient of A, the space of [/(l)-connections and spinors, with respect 
to the subgroup Qi of the gauge group Q given by 

& = {AG0| (ci(L)u[A],[Y ]> = 0}, 

where I satisfies €L = ci(L)(H2(Yq, Z)). This subgroup depends on c\(L). 

The space B has the homotopy type of CP°° x K(H 1 (Y , Z), 1), hence it 
has a universal covering obtained by taking the quotient of A by the identity 
component of the gauge group. The resulting space B covers B with fibers 
H 1 {Yq,T). Define Hi> to be 

Hi = {h e H x (Y ,Z)\{ Cl (L) U h, [Y ]) = 0}. 

The group Hi also depends on c\{V). Then the space Be = A/Ge is a covering 
of B with fiber H 1 (Yq,7 1 )/H£ = 7h. Hence Bt is an infinite cyclic covering 
space of B. 

The perturbed Chern-Simons-Dirac functional is a real valued functional 
CSD : Be — > R on the covering space Be. The critical manifold A4y (s) is a 
Z-covering of A^y (5). The critical values form a discrete set in R, which is 
a finite set mod Z. Let SicR denote the set of regular values. Let lo £ fi 
be a regular value. Given any point a £ A^y (s), there is a unique element 



in the fiber it 1 (a) in .My (s) that satisfies CSD{a u ) £ (uj,uj + 87r 2 



We have the following Lemma which shows that the relative indices on 
A4y (s), defined by the spectral flow of the Hessian operator, take values in 
Z. 

Lemma 3.1. 1. Consider the Hessian operator H^u\^u\ defined in ||/. 
The spectral flow of the operator H a u\^m around a loop in Be is zero, 
hence the relative index of any two points a and b in My (s) is well 
defined in Z. 

2. Let a be a critical point in .My (s) G Be, and let A G Q/Qe be a gauge 
transformation. We have the following identities: 

CSD(X(a)) - CSD{a) = 8vr 2 ([A] U ci(s), [Y ]); 
5F(H (A(t)) ^ )) )|« (5) = ([A]Uci(s),[F ]), 

with [A] = [ x , \~ 1 d\}. Here SF(Hr A r t Y^u-\\)\^~-, denotes the spec- 
tral flow of the Hessian operator Hr A r t \M t \\ along a path from \{a) to 
a, in Bi. 

Proof. By the Atiyah-Patodi-Singer index theorem, we have 

a d 

SF ( H (A(t)Mt)))\x(a) = Index{— + H (A{t)Mt)) ). 

This index calculates the virtual dimension of the 4-dimensional Seiberg- 
Witten monopole moduli space on Yq x S 1 , with the Spin c structure obtained 
by gluing the Spin c structure s on Yq x R along the two ends with the gauge 
transformation A. By the index formula for the Seiberg-Witten monopoles, 
we obtain 

d 
Index(— + #(A(t),v(t))) 

= 7T^=F /"c^AA-MA 

27TV-1 JYq 

= <[A]u Cl (s),[Y ]>. 
The remaining claims are direct consequence of this index formula. □ 

Upon fixing a base point clq in .My- (s), we can define the following Z- 
lifting of the Z^-grading of the elements of A / Jy (s). 



Definition 3.2. We define the grading of elements in M.y (s) as the relative 
index of the uj -lifting in j\Ay (s), 

V ( a ) = iY ( aUJ ) = SF(H( A ( t )^(ty)\°2, ■ 

This definition of the grading depends on the choice of the base point 
do and on the choice of a regular value u. Notice that we can reduce the 
choice of do to the choice of a base point ao in _A4y (s). From now on, we 
fix a base point ao in A^y (s). Then do is chosen to be the unique critical 
point in 7r _1 (ao) with CSD{clq) G (u),u> + 87r 2 ). It is easy to see, from the 
definition, that we have iy = iy whenever u> and u/ are connected by a 

path in the set Q of regular values. Moreover, we have iy = iy , for 

any fc£Z. 

Definition 3.3. For any g£Z, we define 

M^ q ( S ) = {aeM Yo (s)\i^(a) = q}. 



The q-chains in the TL-graded Floer complex are the elements of the abelian 



group Cq (Yq,s) generated by the monopoles in .My (s). The boundary 



operator 
is defined as 



d^:C^(Y , 5 )^C^\{Y , S ) 



dt\a)= Y. #{M°(a,b))b, 



where M°{a,b) is the zero dimensional components of the moduli space 
of unparameterized flow lines in M(a,b). The compactness theorem (cf. 
JIll/j tells us that j\4°(a,b) is an oriented, compact, O-dimensional mani- 
fold. Thus, the coefficient #(A4°(a,b)) is well-defined as the algebraic sum 
of points in j\4°(a,b). 

The following Lemma shows that we have atK o d q = 0. The resulting 



homology groups are denoted as HF^W- ) (Yq,s), *6Z. 



Lemma 3.4. 1. For n£Z< and q £ Z with q = n(mod £), we have 

C n (Y , S ) = @C%(Y , S ). 



2. Under the decomposition as above, the boundary operator d n on 
C n (Yo,s) can be expressed as 



9 n 



/ rt^ f)^ F)^ 

u * u *,l °*,2 

o »( w ) 








u *+e u *+t,i 







V o 



o a. 
o 



*+2£ 















a. 
0. 



(w) 

*+3£,* 



0. 



(w) 



/ 



T/te meaning of this matrix notation can be explained more precisely as 
follows. Assume that a is a generator in C\ (Yq,s). Upon regarding 
a as a generator of C n (Yo,s) for n = q(mod £), we obtain 



d n (a)=d^(a) + ^d^(a), 



k>0 



withd„,l : Cq (Yq,s) — ► C^_ 1+k£ fork > 0. In particular, the relation 

s(w) „ q(w) 



IJ,fc • ~y \.-uj-v ~g- 

n -i o n = implies that d^ 1 o d v n 



is a/so satisfied. 



Proof. The first statement about the decomposition of the chain complex 
is obvious from the definition. Now we study the boundary operator under 
this decomposition. 

For any k < 0, a £ -M-y q( 3 )' an< ^ & G My 1+ki (s), we shall prove 
that the 0-dimensional components M°(a, b) in M.(a, b) is empty, hence the 
entry of the boundary operator is trivial, (b,d n (a)) = 0. 

Notice that we have 

^ («) = fro (« = S and ig> (6) = iy (6 W ) = q - 1 + H. 

Thus, the moduli space of flow lines on &£, M{a u , 6 W ) has virtual dimension 
— A:Z > 0. There exists a unique element [A] E G/Gi, such that 

([A]U Cl (L),[Y ]} = -R 

This implies that we have iy (A(6^)) = SF(H^ t Yi/j(t)))'\(f i ui) = q — 1, and 
CSD(\(b")) = CSD{b") - 87r 2 k£, see Lemma [TJ 

When non-empty, 7W°(a, 6) is isomorphic to A^a^, A(5 a; )). We can prove 
that M{a u , X(b w )) is empty, since the CSD functional is non-increasing along 



10 



the gradient flow lines and the difference of CSD between a u and A(6 W ) is 
negative: 

CSD{a u ) - CSD(\(b")) 
= CSD(a") - CSD{b") - (CSD(\(b")) - CSD{b")) 
= CSD{a") - CSD{b") + 8ir 2 k£ < 0, 

as k < and \CSD(a u ) - CSD{b")\ < 8ir 2 £. This proves that the entries 
below the diagonal are always zero. 

For a G .My (s) and b G M.y q-i( s )> ^ is easy to see that we have 

(d n (a),b) = (d^(a),b). 

For a G My q (s) and b G My „-i+^( s ) with (A; > 0), we can define 

{d { ^(a),b) = (dn(a),b) = #{M°(a,b)). 

This counts the points in the zero dimensional components Ai°(a,b) in the 
moduli space of trajectories on B from a to b. Equivalently, we have 

(d^(a),b) = #(M(a-,X(bn)), 

where M.(a u , \(b w )) is the moduli space of trajectories on Bg. from a w to 
A(6 W ) and A represents the unique element [A] in Q /Qi such that 

([\}Uc 1 (L),[Y ]) = -kl. 

Thus we have iy (A(6 a; )) = q — 1. Therefore, if non-empty, the moduli space 
M.{a w , \{b w )) is an oriented, compact 0-dimensional manifold with energy 
given by 

8ir 2 kl + CSD(a w ) - CSD{b") > 8ir 2 (k - 1)1 > 0. 

This completes the proof of the Lemma. □ 

The expression of d n and the appearance of d fe in Lemma |3.4| lead us 
naturally to introduce a filtration of of the TLg graded complex C*(>0)S). 
The filtration is given by 

Ft ) C n = ^C%(Y , S ). 

11 



for n € 1i£, and q € Z with q = n(mod £). Thus, we have 

• • • C F^\C n C F^C n C F^ ] e C n C • • • C C n (Y ,s), (4) 

a finite length decreasing filtration of the Z-graded Seiberg-Witten-Floer 



chain complex. From Lemma 3.4, we see that the boundary operator 



d n : F^C n — F^ic^! 



preserves the filtration. Let Fq H n denote the homology of the complex 






Define 

F {") HF sw {Y ^ s) = Im {F^) Hn _> ^F n 5w (F ,5)). 

We thus obtain a bounded filtration on i?F,f w (io)S)i 

• • • C F g ( >F n ^(y ,B) C Ft ] HF^ w (Y , 5 ) 

C F^F^(F 0)S ) C • • • C FF n ^(y ,s). 

The standard procedure of constructing the spectral sequence for a filtra- 
tion [^] gives the following theorem on the relation between the Z-graded 
and the Z^-graded homology groups. 

Theorem 3.5. There exists a spectral sequence {Eq n (Yo,s),d ) with 

El n (Y , 5 )^HF q s W(Y , 5 ) 
for n £ 1*1 and q^% with q = n(mod £). The higher differentials 
d ■ E q ,n( Y o,s) — > -E g _ 1+fe< , jn _ 1 (y ,s) 

are induced by the maps di% defined in Lemma |3.^ . Furthermore, the spec- 
tral sequence (E qn (Yo,s),d k ) converges to the 7Li-graded homology groups 
HF^ W (Y , 5 ). 

Proof. By construction, the Z^-graded chain complex C n (Yo,s) has a 
bounded filtration (Q) with the associated graded complex given by 

F^C n /F^ e C n = C^(Y , S ). 
12 



Then by the standard technique of [18], we derive the existence of a spectral 
sequence 

(E k q , n (Y , S ),d k ) 
with El n (Y ,s) * HF™ } (Y ,s), and 

Zln(Yo,8) = {a G F^C n \ d n {a) E F^ 1+k£ C n ^} 

E q,rSX0i s ) = ■^g,n( y 0,s)/(Z (? ~^ n (y ,s) + 0n4^g+i_(&_i)4„ + iC J 'O,s)) • 

The higher differentials are induced by 9 n . The expression of d n , as discussed 
in Lemma |3.4| , tells us that the higher differentials acting on Eg n (Yo,s) are 

defined by tr ^ . □ 



4 Z-graded homology for exact triangles 

In this section, we present a different construction which applies to the 
special case where lo is obtained by Dehn surgery with framing on a knot 
if in a Z-homology 3-sphere Y. Again we assume that the Spin c -structure 
is non-torsion. The torsion case will be analyzed in the next Section. 

Under our assumptions, Yq has the homology of S 1 x S 2 . We denote by 
Y\ the Z-homology 3-sphere obtained by Dehn surgery on K with framing 1. 
With minor modifications, the arguments in this subsection can be extended 
to the case of a knot K representing a zero homology class in H % (Y, Z) in a 
general 3-manifold Y. 

In HI, we have identified the (perturbed) irreducible Seiberg-Witten 
monopoles (as critical points of the perturbed CSD functional) on (Y, g), 
with monopoles on (Y\,gi) and on Yq, with 

M* Y ^^M* Yugi u[JMy ( 5 ). (5) 

s 

The metric and perturbation on Y have been carefully chosen to met the 
above identification. In particular, the perturbation \i is constructed as in 
Pi so as to "simulate the effect of surgery". Namely, it is obtained as a 
deformation of the circle of flat connections on the tubular neighborhood of 
the knot v{K ) in Y, so that it approximates the union of the lines of flat 
connections on v{K) inside Y\ and Yq. 



13 



For each Spin c structure s on Yq, with non-empty moduli space A4y (s), 
we have an injective map 

j s : M Yo (s) — >M Y , g , l x (6) 

defined by the identification (|5|). 

Definition 4.1. Assume that ci(s) is a non-torsion class in H 2 (Yq,7j). We 
define the "L-grading of elements in A4y Q (s) as induced from the grading on 
M Y , g>ti , 

lgp(a) =\ Y (j s (a)) 

for any a G Aiy (s). 

Recall that the grading on My,g,^ is defined by the spectral flow of the 
Hessian operator of CSD along a path from the critical point in M Y ,g,^ to 
the unique reducible point i? in M.y,g,^i- The relative index iy (a, 6) of two 
points a and b in My (s), defined as the spectral flow of the Hessian operator 
of CSD function for (Yq,s), agrees with the relative index iy(j s (a),j s (b)), cf. 
||. Thus, we have 

i { y ) (a)-i i Y \b)=iy (a,b)(mod£) 

(Y) 

where leZ satisfies ci(s)(H2(Yq,Z)) = £Z. Thus, x Yo is a Z-lifting of the 
Z^-grading on A4y (s). 

Definition 4.2. For any g£Z, we define 

M$(*)={a€MY (*)\$?(a)=q}. 

The q- chains in the corresponding Z- graded Floer complex are the elements 
of the abelian groi 
boundary operator 



of the abelian group C^(Yq,s) generated by the points of Jviy (a). The 



d(q) '■ C( q )(Y ,$) — ► C( g _!)(lo).s) 

is defined as 

where M°(a,b) is the zero dimensional components of the moduli space of 
unparameterized flow lines in M(a,b). The compactness theorem tells us 
that Ai°(a,b) is an oriented, compact O-dimensional manifold. Thus, the 
coefficient #(Ai°(a,b)) is well-defined as the algebraic sum of points in 
M°(a,b). 
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In order to prove that we have d^ o d( g _i) = 0, we need the following 
Lemma to know when the zero-dimensional moduli space of flow lines be- 
tween a and b over (Yo(r),s) is non-empty. Here we follow the notation of 
P|, where lo( r ) an d Y(r) denote the 3-manifolds Yq and Y endowed with 
long cylinders T 2 x [— r, r] along the boundary of the tubular neighborhood 
v{K) around the knot K. 

Lemma 4.3. Let 5 be a Spin c structure on Yq with non-empty _A/iy (s) ; 
and ci(s) is a non-trivial class in H 2 (Yq,Q). Then the moduli spaces of 
flow lines can be described as follows. Assume that a, b are two criti- 
cal points in A"fy (s) of relative index 1 modulo I, here £ £ Z satisfies 
ci(s)(H2(Yq,Z)) = £Z. If for sufficiently large r, the 1-dimensional com- 
ponent Aiy ( r \ x i( a i^) °f ■M-Y (r)xM.(Q', b), is non-empty, then we have 

i§?(a)-ig?(&) = l. 



Proof. The result is the consequence of the results on the geometric limits 



in |12[ | [13], together with the dimension formulae for various moduli spaces. 
Suppose given a solution [A r (t),^ r (t)] in a one-dimensional component 
of .A4y ( r ) X R(a, b), with asymptotic values 

[A-(±oo),* r (±oo)] = [^ ±oo ,M/ / ±oo ]#^ ± [a ± ,0], 

for t — > ±oo. The geometric limits as r — ► oo are determined in (Tj 
Among these geometric limits, there are two parameterized oriented paths 
ay(r),ao(r) on d oc (M.y) and M u (K)cY = Ly , respectively, where both 
paths connect [a , 0], consistently with the orientations. Here M. v (K)eY ls 
the circle of flat [/(l)-connections on v(K) C Yq modulo gauge equivalence. 
There is also a holomorphic map a^ from the unit half-disc to x(T 2 ,Yj) 
with boundary along the paths ay(r) and ao(r). 

First we show that, if the moduli space A^y( r ) X R(j B (a), j s (b)) is non- 
empty, then we have 

M Y ( r )xR(Js(a),j s (b)) = My o(r)><R (a,b). 

Under this assumption, the geometric limits of a family of solutions 
[A r (t), ^ r (t)] in A^y ( r ) X ]K(a, 6), for r — > oo, can be deformed by a homotopy 
in H 1 (T 2 ,iR) to geometric limits for a monopole in _A/fy( r ) xR (j s (a), j s (b)). 
In particular, this can happen if and only if the path ao(r) = L4(t), 0] along 

15 



Ly can be home-topically deformed to a path along the curve doo-Mj,^)^, 
by a homotopy that moves the endpoints a^ to the corresponding points 
a ± (e), along civ{t). (We use here the same notation as in Q, fl^] , fi"3||.) 
Both paths aytr) and clo(t) must be contractible in x(T 2 , Y$) = S 1 x R. In 
fact, the geometric limits of any solution in A / ly( r .) X R(j s (a), j s (b)) define an 
approximate solution to the monopole equations on Y$(r) x R, which can be 
deformed to a solution in the minimal energy component of -My ( r ) X ]R(a, b). 
Conversely, in this case, the geometric limits of [A r (t), ^ r (t)] can be spliced 
together to form a solution to the monopole equations on (Y(r) x R, fj,,g) 
between the critical points j s (a) and j s (b). Thus the identification of the 
moduli spaces implies that 

i%\a)-i%\b) = l. 

Now assume that the moduli space M.Y( r )x~B.Us( a )' j B (b)) is empty. No- 
tice that oriented paths ay (t) , a^ (r) which are non-contractible in the cylin- 
der Xo(T 2 , v(K)) = S 1 x R correspond to flowlines in the components with 
higher energy. Here 

X (T 2 ,Y ) = xo(T 2 ,is(K)) 

is a covering of the torus x(T 2 ) of flat [/(l)-connections on T 2 modulo gauge 
equivalence, obtained by taking the quotient only by those gauge trans- 
formations on T 2 that extend to Yo(r), cf. Q. Since we are considering 
the flowlines in the minimal energy components -My ,- \ xR (o, 6), the paths 
ay(r) and ao(r) are also contractible in x(T 2 ,Yq) = S 1 x R. The analysis 
of the moduli space on the cobordant manifold Wq with cylindrical ends 
Yo(r) x (— oo,0] and Y(r) x [0, 00) in |13| shows that the holomorphic half- 
disc an, from the geometric limits of [A r (t),^/ r (t)] in the one-dimensional 
components of A / ly ( r ) X K(a, 6), is the degenerate limit of the assembled holo- 
morphic triangles A e as e — ► 0, where e is the parameter in the perturbation 
on Y(r) that "simulates the effect of surgery". In particular, we have the 
following identification 

K (r)x «(a,&)= U M Y{r) MUa),i(c))xM Wo ^(i(c),b). 

Here i(c) is the corresponding monopole in .My , under (|5|), satisfying 
iy(j s (a)) — iy(i(c)) = 1, and A4 Wo, (°\i(c),b) is given by the non-empty 0- 
dimensional components of A4 '(°'(i(c),b). Here we follow the notation of 
JO!. Then the dimension formulae developed in [pi] can be applied to show 
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that 



i Y (i(c))-i? o \b) = 0. 



Thus we have i Y (a)—\ Y (6) = 1. This completes the proof of the statement. 



□ 



Using the result of Lemma 4.3, we now show that dt q -i) ° di q \ = 0, 
and we relate the resulting homology groups to the original Z^-graded Floer 
homology groups for (Yq,s). 

Proposition 4.4. 1. For n£Z< and g£Z with q = n(mod £), then 

C n (Y , S )=Q)C {q+ke) (Y Q ,s). 

kez 

2. Under the decomposition as above, the boundary operator d n on 
C n (Yo,s) can be expressed as (Bkezd( q +k£)- Thus, in particular, we 
have df q _u o dt q \ = and 

HF* W (Y , 5 ) = ^HF^ M) (Y , 3 ), 

fcez 

where HF, s ) / (Yq,s) is the q-th homology group of the chain complex 

(C {q) (Y , 5 ),d {q) ). 

Proof. We only need to prove the second statement. For any gen- 
erator a G Cf q \(Yo,s), as an element in C n (Yo,s), we shall verify that 
dn{p) = d(„\(a). From the definition, we know that 

dn(a)= Yl #{M° YoxR (a,b))b, 

b&MY (s):i Yo (ci,b)=l(mod £) 

where «My xlR (o, 6) is the zero dimensional component of the moduli space 
of the unparameterized flow lines in -My oX R(a, b). By the result of Lemma 



4.3, we know that the critical points b G My {$) with non-empty zero di- 



mensional component in -My oX ]tt(a, b) are contained in the set 
M^Ht) = {b G M Yo ( 5 ) | ig>) =q-l}. 

This implies that d n (a) = <9( g )(a) for a G Ci q ){YQ,s), hence d n = @k&d( q +k£)- 
Then the statement follows from standard arguments in homological algebra. 

□ 
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In the exact triangle for the Seiberg-Witten-Floer homologies relating 
HF? w (Y,g), HF # sw (Y h9l ), and HF^(Y ,s k ), as studied in |||I|, the 
Z-graded Seiberg-Witten-Floer homology for (lo- s ) with s a non-trivial 
Spin c structure, is precisely the Z-graded HFpW(Yo,s) described in this 
subsection. 

Remark 4.5. In the case where lo is obtained as 0-surgery on a knot K in 
a homology 3-sphere, both the constructions of TL-graded Floer homology are 
possible. 

5 Monopole homology for trivial Spin c -structures 

In this section we consider again the general case where lo is a compact 
3-manifold with b\ (lo) > 0. We analyze the Seiberg-Witten Floer theory 
in the case of a Spin c -structure So with ci(det(so)) torsion. The results we 
obtain specialize to the case of lo a 0-surgery on a knot in a homology 
3-sphere, with the trivial Spin c -structure with ci(det(so)) = 0. 

A cohomologically trivial perturbation would introduce a torus of re- 
ducible monopoles among the critical points of the Chern-Simons-Dirac 
functional given by the flat ^(^-connections H 1 (Yq, M)/H 1 (Yq, Z). In order 
to avoid the torus of reducibles, we need to introduce a small cohomologi- 
cally non-trivial perturbation of the Seiberg-Witten equations on lo given 
by a 1-form p satisfying [*p] £ H 2 (Yo,M) non-trivial. With this perturba- 
tion, 7Wy (so) consists of a finite set of points in B, cut out transversely by 
the 3-dimensional (perturbed) Seiberg-Witten monopole equations. 

The different nature of the case ci(so) torsion can be regarded as a 
result of the following phenomenon. In the case analyzed previously, with 
c\ (s) non-torsion, we studied the critical points of CSD on the infinite cyclic 
covering space Be of B. The main point of our argument has been the 
following: the non-trivial covering Be is the essential tool in separating the 
various components of A4(a, b) of different dimensions, with each of them 
separately admitting a nice compactification to a smooth manifold with 
corners as in [J11J] , Jig) . 

In the case with ci(so) torsion, however, the relative index i(a) — i(6) is 
already well defined as an integer in B. Thus, the moduli space M.(a, b) does 
not break into components of different dimensions. In fact, all components in 
M(a, b) have constant dimension given by the relative index i(a) — i(6) G Z. 
In order to define the Floer homology, we still need a nice compactification of 
the moduli spaces M(a, b). However, we lack the uniform energy bound on 
M.(a, b), since the CSD functional is only circle- valued, due to the presence 
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of the non-trivial cohomology class of the perturbation [*p\. This lack of a 
uniform energy estimate implies that we cannot define the usual boundary 
operator 

(da, b) = n ab 

of the Floer complex by setting 

n a b = #M(a,b), 

since A4(a, b) may be non-compact in this case. 

Thus, we need to separate A4(a, b) into components of uniform energy 
and define a boundary operator in terms of components of a fixed energy. 
We identify M(a, b) with a subset of M(a, b) consisting of those trajectories 
with equal energy distributions on (— oo,0] and [0, oo), that is, 

° (||^(i)||| 2(yo) + ||^(t)||l 2(yo) )^ 

£ (7) 

(\\d t A(t)\\ 2 L2{Yo) + \\d t m\\h { Yo)) dt - 

Every non-constant trajectory [A(t),^(t)] in a non-empty connected 
component of A4(a, b) has positive energy 

(\\d t A(t)\\l HY) + \\d t m\\h { Y))dt>0. 

The energy is constant, independent of the trajectory, in each connected 
component of Ai(a,b). This energy agrees with the variation of the per- 
turbed CSD functional along [A(t),ip(t)]. In fact, we have 



■\\VCSD uy \\ 2 L2 = (d t (A,^),VCSD U: 



v 



if CSDjjy = CSD + U + V denotes the perturbed CSD functional, and 
(^4, ip) is a solution of the flow equation 



This gives 



d t (A,tl>) = -VCSDuy. 

\\VCSD uy (A(T)Mr))\\h^) dT = 

CSD uy (A{t)^(t)) - CSD uy (A b , Y> 6 ). 
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Thus, we can define the energy function over Ai(a, b) as 
£: M(a,b) — >R 

S([A(t)Mt)}) = f (\\d t A(t)\\h { Y) + \\d t m\\h { Y))dt. ^ 

The image of £ is positive and discrete in R. The energies of any two 
connected components may differ by some multiple of a positive number 

e p = rom{|[*p]([E])| : [£] G # 2 (*o, Z)}. 

Denote e m , n (a,6) the minimal energy on .M(a, fr). Then, for any n > 
in Z, we can define 

^(™)(a,6)=^ 1 (e mm (a,6)+ne p ). 

We have the following compactness theorem for the moduli space Ai^ n '(a, b) 
with the fixed energy e m i n (a, b) + ne p , for some n > 0. 

Proposition 5.1. Let (Yq,Sq) be a 3-manifold with b\(Y) > and with 
ci(so) torsion. Let jCi^ n '(a,b) be the component ofjCi(a,b) defined as above, 
for two critical points a and b of relative index q + 1. Then jd^ n > (a, b) can be 
compactified to be a smooth manifold of dimension q with corner structure, 
by adding lower dimensional boundary strata. The codimension k boundary 
strata are given by 

}J M (no) (a,a 1 )xM {ni) (a 1 ,a 2 ) x • • • x M {rik \a k , b). 

ai/" ,a k 



Here the union is over all possible sequences ao = a,ai, ■ ■ ■ a^, a/c+i = b with 
strictly decreasing 
following results. 



strictly decreasing indices and with X^7=o n i = n - ^ n P ar ti cu l ar > we have the 



1. The component of fixed energy in M(a, b) with relative index 1 is com- 
pact. 

2. If a and c are two critical points of relative index ;(a) — i(c) = 2, 
then the compactified moduli space M.( n '(a,c) is an oriented, smooth 
manifolds with boundary points given by 

[j M ( - i) (a,b)xM (j) (b,c), 

b,i+j=n 

where b runs over all critical points with relative index i(o) — i(6) = 1. 
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Proof. The convergence and gluing theorems developed in Section 4 of [|Tl]] 
can be applied to this case to give Ai^ n '(a,b) the structure of a smooth 
manifold structure with corners. In particular, the local diffeomorphism 



provided by the convergence and gluing theorem in [11] is energy preserving. 
Then the above claims follow from the arguments of Section 4 of [11]. Notice 
that we have both inequalities 

and 

where we use essentially the identification between energy and variation of 
the perturbed CSD functional. □ 

We now introduce a chain complex over the ring Z[[i]] of formal power 
series as follows. We define the chain complex C*(Yo,So,Z[[i]]) to be the 
Z[[i]]-module generated by the critical points in My (so), with the grading 
given by the relative grading i(a) — i(ao), where ao is a fixed critical point 
in .My (so)- The boundary operator d is defined by 

%](«)= E E#(^ (n) (°> 6 )K 6 - ( 9 ) 

6:i(o)-i(6)=l A;>0 



By the result of Proposition |5.1| , we know that the boundary operator 
<9m in (||) is well-defined and satisfies d 2 = 0. The corresponding homology 
groups are the homology groups of the chain complex (C* (Yq, So, Z[[t]]), d^ ), 

HF m (Y ,8 ,Z[[t]]) =H.(C.(Y ,8o,Z[[t]]),d [t] ). (10) 

In the construction of the exact triangle in Q , [^] , |l3| , we set 

HF w (y ,8o) = HF*(Y ,s ,Z[[t]])\ t=0 . 

Here the grading on My ( 5 o) 1S induced from the injective map 

js ■ My (.s ) — >Mym, 

that is, for any a £ My (sq), we define the induced grading from j So as 



(Y) 



i Yo '(a) =i Y (j S0 (a)). 
This induced grading on .My (so) satisfies (cf. M) 



? o \a)-i%\b)=i Yo (a)-i Yo (b). 
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After a suitable choice of a base point ao in My q (sq), we can assume that 



i (y) i 



a)=iY (a)=\Y(j So {a))- (11) 



Notice that, in the case of the 0-surgery Yq that has bi(Yo) = lj the Floer 
homology HF*(Yo,so,Z[[t]]) defined as in (|To|) depends on the cohomology 
class [*p] E H 2 (Yq, R). This dependence can be seen from the fact that, when 
the value [*p] £ R crosses zero, some irreducible solutions in A / ty 0iP (so) may 
hit the circle of reducibles, cf. |H|. 



We have the analog of Lemma 4.3, in the case of a 3-manifold Yq that is 



obtained as a 0-surgery on a knot in a homology 3-sphere Y. 

Lemma 5.2. Let Sq be a trivial Spin c structure on Yq, where Yq is obtained 
as a 0-surgery on a knot in a homology 3-sphere Y. Let a,b be two critical 
points in .My (so) with relative index 1. Then if A4 Y f r w R (o, b) is non- 
empty, for sufficiently large r the oriented paths cjo(t), ay(r) in the geo- 
metric limits of any flow line in the component of minimal energy are con- 
tractible in xo{T 2 ,Yq). Here the moduli spaces 7V4y (so) and -M Y ,s xR (a,b) 
are considered with an additional perturbation p with [*p] = r] > in 
H 2 (Y ,R) = R, as in §/, cf. Remark \5!\. 

Proof. This is again a direct applications of the geometric limit results in 
[12 1 and |^]. The argument proceeds as in the proof of Lemma |4.3| . 

□ 

The homology groups for (Yq,3o), which appear in the exact triangle, 
are precisely given by the homology groups 

HF M (Y ,5 ) = HF4Y ,s ,Z[[t]})\ t=0 , 

after a possible global index shifting. 

Remark 5.3. The Seiberg-Witten-Floer homology for {Yq,%) depends on 
the perturbation [*p], as the energy function £ and the Novikov-type chain 
complex all depend on the choice of [*p\. In the exact triangle, we use a 
particular choice of[*p], satisfying 

[*p]=7 1 PD Yo (m)eH 2 (Y ,R), 

with m the meridian of the knot K . 
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6 Gluing formulae along the trivial Spin c structure 

Motivated by the general ideas of topological field theory, one can associate 
to any 4-manifold (Xj,Sj) with a boundary (Yq, t) Seiberg-Witten invariants 
with values in the monopole homology groups HF^ W (Yq, t), 

SW Xi ( 5i , •) : ApQ) — HF, sw (Y ,t), 

where ApQ) = Sym* (H (Xi)) <g> A*(H 1 (X i )) is the free graded algebra gen- 
erated by elements in Ho(Xi) of degree 2 and cycles in H\(Xi) of degree 
1. Moreover, if a closed 4-manifold X = X\ Uy X2 splits in two compo- 
nents Xi, i = 1,2, along a 3-manifold Yq, then the natural pairing between 
HF^ W (Yq, t) and HFf w (— Yq, — t) can be applied to give gluing formulae 
for the Seiberg-Witten invariants of X in terms of the SWxi- -^ or an y 3- 
manifold (Yq,\) with b\ (Y) > and ci(t) non-torsion, these gluing formulae 
were developed in ||. For a manifold Y with a torsion Spin c structure t, we 
discuss the corresponding gluing formulae in this section. 

To the purpose of gluing relative invariants, it is natural to construct 
the monopole homology groups over the field Q((i)) of formal Laurent series 
and use another definition of the energy in the construction of monopole 
homology groups. 

We assume that the perturbation term [*p] is Poincare dual to e[r] for 
some 1-cycle r in v o and a small e G M + . Here T is an integer cycle, 
that is, it defines a (non-torsion) integer homology class. The moduli space 
of critical points with this perturbation is denoted by 7Wy (t, T). Let a, b 
be two critical points in _My (t, T) of relative index k + 1 > 0. We know 
that A4(a, b) has infinite many components of dimension k. Note that, if we 
identify elements in M(a, b) with trajectories in M(a, b) satisfying the equal 
energy condition (0), we can now define the following map on A4(a, b): 

E p : M{a,b) — >7L 

yrr (12) 

s p ([A(t),m\) = (i^ F A(t)},[r x ]*]>• 

Here F^t) * s the 4-dimensional curvature of A(t). £ p essentially measures 
the variation of the Chern-Simons-Dirac functional on Yq x R up to a positive 
scalar. We denote by 



M [n] (a,b) = £- 1 
the preimage of n under the energy map E p . 
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Lemma 6.1. Let Y be a 3-manifold with b\ (Y) > 0, endowed with a Spin c 
structure t with ci(t) = 0. Let a,b be two critical points in .My (t, V) of 
relative index k + 1 > 0. We have the following results. 

1. M\ n \a, b) is empty for n << 0; 

2. For any non-empty Ai^ n '(a, b), there exists a compactification of 
7W' n J(a, b) to a smooth manifold with corners, obtained by adding lower 
dimensional strata of the form 

\J M [no] {a,a 1 )xM [ni] (a 1 ,a 2 ) x • • • x M [rik] (a k , b). 

0,1,'" ,<2/c 

Here the union is over all possible sequences oq = a, a\, ■ ■ ■ a k , a/c+i = b 
in A1y (t, r) with strictly decreasing indices and with ^ 7 =o n i = n - 

In particular, given any two critical points a and b of relative index 1, if 
the moduli space M} n \a, b) is non-empty, then it is compact. For any two 
critical points a and c of relative index 2, the compactified moduli space 
M\ n \a,c) is an oriented, smooth manifold with boundary points given by 

\J M [ ^(a,b)xM [j] ( y b,c). 

b,i+j=n 

Here b runs over all critical points with relative index i(a) — \(b) = 1. 

Proof. Any non-empty M\ n \a, b) has positive and constant energy defined 
by £ (pi). This implies that j\4^ n '(a,b) must be empty for n << 0. The 



argument for the compactification is analogous to Proposition 5.1. □ 



Definition 6.2. Define the chain complex Cr,*(io, t, Q((i))) us the vector 
space generated by the critical points in .My (t, V), over the coefficient field 
of formal Laurent series Q((t)) = Q[[i]][i -1 ]) with the grading given by the 
relative index. The boundary operator is given by 

Wy (o)-iy (6)=lneZ 



The fact that d 2 = follows from Lemma 6.1 . The homology groups of the 
chain complex C*(Yo,i,Q((t))) are denoted by HF-p^(Yo,t, 
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By the construction of HF^^(Yo,i, Q((t))), we know that these homol- 
ogy groups depend on the choice of the non-trivial cohomology class [*p], 
which in turn depends on the choice of the one-cycle T. There exists a nat- 
ural isomorphism HF$J (Y ,t,Q((t))) =* HF^'*(-Y ,-i,Q((t))), where 
— Yq is the manifold Yq with the reversed orientation. For the definition 
of Seiberg-Witten-Floer cohomology, in the equivariant setting, the reader 
can refer to Section 5 of pi]. This yields a natural pairing 



(,) : HF^(Y ,t,Q((t))) x HF%(-Y , -t,Q((i))) — Q((t)). (13) 

6.1 Relative Seiberg— Witten invariants and gluing formulae 

Let X\ be an oriented Riemannian 4-manifold with a cylindrical end modeled 
on Yq x [0, oo). Let Si be a Spin c structure on X\, such that the induced 
Spin c structure t on Yq satisfies ci(t) = in ^(Yq, Q). Denote by A4y (i, V) 
the moduli space of Seiberg-Witten monopoles on (Yo,t), with respect to 
a perturbation p satisfying [*p] = ePD([T]), for a non-trivial 1-cycle T in 
Yq. Here again we assume that T defines a non-torsion integer homology 
class. Moreover, for simplicity, we assume that T lies in the image of the 
map H2(Xi,Yq;Z) — > Hi(Y,Z*). As we discuss in this section, the choice 
of £ with (9S = r will provide a convenient way of separating the moduli 
spaces on (Xi,Si) into components of uniform energy, which admit a nice 
compactification by adding lower dimensional strata. 

We assume also that we are working with an additional generic per- 
turbation (U, V) as in section 2, in order to achieve transversality for the 
moduli space of trajectories. We write t]q = p+Y^j g^M? an d vq = Ylj W~ v j- 
Choose c : X\ — > R + to be a cut-off function supported away from a com- 
pact set and equaling 1 on the end. Choose p £ A 2 ' + (Xi, iR), satisfying 
p — c\/—1t]q £ Cg. Here C| denotes the space of <5-decaying C fc -forms for 



/o c ^<5- XXC1C ^s 
some large integer k and rj^ is the self-dual 2-form obtained by tjq. Next 

we choose an imaginary valued 1-form v on X\, with v — cvq £ C$. Over 

the cylindrical end, we write (^4, ip) in temporal gauge. When restricted to 

the cylindrical end, p and v can be thought of as functions of (A, ip) on the 

cylindrical end. The relative Seiberg-Witten invariant for X\ is obtained 

from the perturbed Seiberg-Witten moduli space on X\ with asymptotic 

limit representing a critical point in A^y (t, T). 

For each a in A4y (t, T), define Aix^-,0) to be the moduli space of 

the Seiberg-Witten equations on X\ with asymptotic limit in the class of 

a, modulo the group of gauge transformations. The function spaces for 

the monopole equations modeled on a are Lf-Sobolev spaces with '5-decay' 
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where 5 > is determined by the least absolute eigenvalue of the Hessian 
of the CSD at a. Let (A a ,tp a ) be a Spin c connection and a spinor on X\ 
which agrees with the pull-back of some gauge representatives of a on the 
cylindrical end. Note that the gauge class of (A a ,ip a ) can be identified with 
the set H 1 (Y ,Z)/Im(H 1 (X 1 ,Z) -^ H l {Y ,1)). 

Let M.Xi(si,a) be the moduli space of solutions to the perturbed 
Seiberg-Witten equations on (Xl,s): 



(14) 



{ F+ = qty) + fi 

\ D A ^ + v4 = 0, 

for (A, iji) in the weighted Sobolev space 

{{A^)\A -A a e L% s ,ip- Va e Ll SA J, 

and with gauge group given by {u : X —>■ C| \u\ = 1, 1 — u G Lf +1 $}. Here we 
fix a L^ (l)-connection A a on the spinor bundle to define the covariant deriva- 
tives on the spinor sections. For generic Qu, u), the moduli space M.Xi (si, a), 
if non-empty, is a smooth, oriented manifold whose dimension is given by 
the index of the deformation complex for (|14|) . Denote this index by ixi (a) ■ 
We then have 

txi(a) - ixi(b) = iy (a) - iy (6). 

In general, we cannot compactify A^Xi(si ; o) naturally by adding lower di- 
mensional strata. Instead, we define some energy map on Mxi{si,cl)- As- 
sume that the 1-cycle T is bounded by a 2-cycle E in X\ with <9£ = V. Then 
the energy map is defined as the relative Chern class of [A, ip\ restricted to 
(E,r): 

£*: MxM,a) — ff 2 (S,r;Z) 

4 ( 15 ) 



Denote by M x ( s i> a ) the preimage of n G Z under the energy map £s- 

Then we can compactify A4C ( s i> a ) to a smooth manifold with corners. 
The following proposition can be proved by adapting the convergence and 
gluing theorems of |[l|] to the present setting. 

Proposition 6.3. Assume that the moduli space Aixi(si,a) is non-empty. 
Then M x ( s i> a ) is empty for n << 0. Moreover, if non-empty, M x ( s i> a ) 
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has a compactification to a smooth manifold with corners, with lower dimen- 
sional strata of the form 

J M [ ^(s 1 ,a 1 )xM^(a ll a 2 )x---xM^(a k ,a). 

ai,— ,a k 

Here the union is over all possible sequences 01, • • • a&, a k +i = a in A4y (t, T) 
with strictly decreasing indices and with Ylj=o n j = n - 

Proof. From the Weitzenbock formula and the Seiberg-Witten equations, 
we know that £% is bounded from below. Thus, M^ ( s i> a ) i s empty for 
n « 0. The remaining statements follow from the convergence and gluing 
theorems of 111 111. □ 



Denote by A(Xi) the free graded algebra 

Sym*(H o (X l ))0A*(H 1 (X 1 )) 

where the degree of the elements in Hq{X\) is 2 and the degree of the 
elements in Hi(X\) is 1. For any monomial z = [x\ n ^fi A 72 A- • -A7& in A(Xi), 
and for each m G Z, we need to consider all the components of dimension 

2n + k in Mx (si) = U M^ ( 5 l > a ) ■ Suppose that M x ( 5 i > a (2n+k) ) is the 
union of components of dimension 2n + k and has energy m under the energy 
map (15). Here the {a(2n+fc)} denote all those 3-dimensional monopoles 



(with perturbations) on (5"o,t) which satisfy 

ixi(a(2n+fe)) =2n + k. 

Thus, any non-empty component of Mx 1 {^i^o J (2n+k)) nas dimension 2n + £;. 
Choose smooth loops which represent 1-cycles 71 , • • • , 7& . The holonomy 
map of the L4]-part in [A, ip] around these k loops defines maps 



hoi: M [ x;(si,a {2n+k) )^U{l 



,/>• 



These maps can be extended naturally to the compactification of the mod- 

\m) 



uli spaces M x (Si,a(2n+k))> as described by Proposition O. The generic 



fiber of hoi defines a smooth submanifold Vy lt ... rfk of dimension 2n in 
M Xl \Si,a^2n+k))- This submanifold V 71j ... i7k can be compactified by the 
corresponding fiber of hoi on the boundary strata of M^ (-Si,0(2n+fc))- 

On M™ (Si,0(2n+fc))i there is a canonical £7(1) bundle, defined by the 
based monopole moduli space Mx (si, ffl(2n+it))j which consists of those 
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solutions representing points in M-x ( s ii a (2n+fc)) Du t considered modulo 
only those gauge transformations which fix the fiber of the spinor bundle 
over x. A different choice of base point provides an isomorphic U{\) bun- 
dle. Therefore, we have an associated complex rank n vector bundle over 

M [ x}(si,a {2 n+k)) 

E n (a(2n+k)) = Mx ± (Sl,0( 2n +fc)) X[/(l) C n . 

This vector bundle E n (a^ 2 n+k)) is compatible with the boundary strata of 
M-x ( s 1j a {2n+k)) i n the sense that E n (a^ 2n+ k)) has a natural extension to 
the boundary strata of M-x (Si, fl(2n+fc))j to a vector bundle in the category 
of manifolds with corners (cf. fig] ). Note that E n (a^ 2n+ k)) is isomorphic 
to ©" =1 £(xj), where £(#*) is complex line bundle associated with the U(l)- 
bundle .M^ 1 (si, a( 2n +fc)) with the base point at X{ G Xi. By construction, 
the line bundle C{xi) extends to a line bundle in the category of manifolds 
with corners over the compactification. Since © is well defined in the cate- 
gory of manifolds with corners, so does E n (a^ 2 n+k))- 

Now consider the restriction of E n (ar 2n+ k)) to the 2n-dimensional sub- 
manifold K« ... <y fc , which is also compatible with its compactification. 

Choose a generic transversal section co, which is also transversal along 
the boundary strata, i.e. a strata transverse section of a bundle over a 
manifold with corners. By the transversality along the boundary strata, 
we know that all the zeroes of this section in V™...^ lie within a com- 
pact set and consist of finitely many points with an orientation. Counting 
these points gives a number which is denoted by SWj^ (si, z; apn+k))- The 
relative Seiberg-Witten invariant is defined to be 

SW Xl (Sl,z) = ^ SW Xx(. S l> z '> a (deg(z))) < a (deg(z)) > t™, 

as an element in the Seiberg-Witten-Floer complex. It is a routine to prove 
that this element is in fact a cycle, thus defining an element in the Seiberg- 
Witten-Floer homology groups HF-p^(Yo, t, Q((i))). We also have the ana- 
log of Proposition 3.3 in ||, stating that SWx 1 (s\, z), as an element in 
HF^^O^oAi Q((*)))j ' 1S independent of the choice of V 7lt ,.. i7h and the choice 
of the strata transversal section of E n . Note that, if we choose another rela- 
tive 2-cycle £ in the definition of the energy map (|15| ) , the relative invariant 
SWxxiSxiZ) only changes by multiplication by a certain power of t. 

Proposition 6.4. SWx 1 (si,z) £ HF^(Y ,t,Q((t))) is well-defined, that 
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is, it is independent of the choices ofV J1; ... tlk and the choice of the strata 
transversal section <to of E n . 

Proof. For any m € Z, let V' ... 7 be another 2n-dimensional submanifold 

in M-x ( Sl ' a (2n+k)) obtained from the construction of the holonomy map 
and let a\ be a strata transversal section of E n over V' ... . We will prove 
that the difference between #0"^ (0) and j^o~\ (0) defines an element in 
Cr *(^0) t, Q((i))) which is homologous to zero. 

Over M-x ( 5 i> a {2n+k)) x [0)1]) we can choose a strata transverse sec- 
tion a of E , with <r(-,0) = a and cr(-,l) = U\. We also choose a 
codimension k submanifold V in Mx ( Sl ' a (2n+k)) x [0,1], whose intersec- 
tion with M-x ( s i' a (2n+k)) x {0} is ^7i,---,7 fc , and whose intersection with 
■^x ( s i) a (2n+fe)) x {1} i s V' ... 7 , respectively. F is also compatible with 

the boundary strata of .M;^ (si, a(2n+fc)) x [0, 1]- 

From this construction, the zero set of a over V is a 1-manifold with 
boundary which consists of three parts: (1) the zero set of Co in V^ ... 7fc ; (2) 
the zero set of a± in K£ 7 ; (3) the zero set of a in the intersection of V with 

9 1 X x ] J (si,a(2n+fe)) x [0,1], where d 1 Mx}(si,a( 2 n+k)) is the codimension 

one boundary of M-xl ( s i' a (2n+k))- 

By choosing the base points x in X\ away from the cylindrical end for 
the [/(l)-fibration Mx ( Sl ' a (2n+k))i an d noticing that [x] is the generator 
of Hq(Xi,Z), we know that the contribution of (3) from the codimension 
one boundary of M™ (fli, a (2n+fc)) times [0, 1] only comes from 

U U •^X 1 ll (5l>«(2n +fe -l)) X ^ [m - mil («(2n +fc -l),a (2n+fc )) 

a (2n+fc-l) miGZ 

where apn+ifc-i) runs over all the possible critical points with index 
ixi(«(2n+fe-i)) = 2n + fe — 1. Now the transversality condition over the 

boundary strata over the intersection of V with M™ 1 (s±, 0(2n+fe-i)) x [0, 1] 
provides a set of finitely many oriented points. Counting these points gives 
a number, denoted by H a( k _ ■ mi . Then the difference of the two choices 
defines a number 



a (2n+fe-l) 



H a(2n+k-i); mi#(M^ m mil ( a (2n+fc-l),0(2n+fc))), 
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thus, 

J2 a (2n+k-i) H a{2n+k _ iy: mi #(M [m ~ mi > (a^n+k-i), a (2n+k)))t ma (2n+k) 

is homologous to zero. This proves that the two choices define the same 
homology class in HF^J (Y , t, Q((t))). □ 

Consider a closed 4-manifold (X,s) with b\ > 1 and a Spin c structure 
s. Suppose that X has a decomposition X\ Uy X2 along a 3-dimensional 
submanifold Yo with b\ (lo) > 0, and with a Spin c structure s|y = t. We 
assume that the class ci(s|y ) = ci(t) is a torsion element in H 2 (Yq, Z). Here 
we need to choose a metric g"r on X such that X contains a very long 'neck' 
Yq x [— T, T]. For 6^~ = 1, when the Seiberg-Witten invariant has a chamber 
structure, our choice of the perturbation compatible with T gives rise to a 
fixed chamber in the space of metrics and perturbations. Notice that, since 
we are dealing with the case of a torsion element ci(t), in the case where 
bi(Yo) = 1 the chamber also depends on the class [*p] in H 2 (Yq,M.) Now 
we can state the gluing formulae of the Seiberg-Witten invariants on X as 
follows. 

Theorem 6.5. Let X be a closed manifold with b + > 1 which is written as 
X = X\ Uy X2, with X\ and X2 two A-manifolds with boundary, and with 
dX\ = —8X2 = Yq. Suppose that we have Spin c structures S\ and 52, on X\ 
and X2 respectively, such that S\\y — S2\y — t is a torsion Spin c structure 
on lo. Suppose given 1-cycle T in lo bounds two relative 2-cycles Sj in 
Xi respectively. Then the relative Seiberg-Witten invariants SWx 1 (si) and 
SWx 2 {si) take values in HF^(Y ,t,Q((t))) and HF^{-Y,-i,Q{(t))) 
respectively. Let S = Si + S 2 G H2(X,Z), under the natural pairing (fl^j, 
we have the following gluing formula for z% G A(Xi), i = 1,2, 

Y, SW xM z 2)t Cl{s) ^ = {SW Xl (s 1 ,z 1 ),SW X2 {s2,z 2 )). 

{s:s\ x .=Si} 

When b + = 1, the Seiberg-Witten invariants correspond to a fixed chamber 
determined by the perturbation which is compatible with T. 

Proof. Let if. denote the boundary embedding maps of lo into X^. Then 
the set of Spin c -structures on X which agree with Sj over X{, denoted by 
Spin c (X;si,52), form an affine space over 

H 1 (Y ,Z)/(lmi* 1 +Imi* 2 ), 
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with i\ : H 1 (X 1 ,Z) -> H 1 (Y ,Z) and i\ : H 1 (X 2 ,Z) -» .ff^o.Z). For any 
s G Spin c (X;5i,S2), after a generic perturbation, the moduli space Mx(s) 
is an oriented, compact, smooth manifold with dimension given by 

^(c 1 ( 5 ) 2 -(2 X + 3a)) = d x (s)>0. 

The Seiberg-Witten invariant is a linear functional 

SWxfa-): A{X) — >Z 

where A(X) = Sym*(H (X)) (g> A*(Hi(X)). We summarize this definition 
briefly. We shall only consider monomials z = [x] n 7i A • • • A 7& £ A(X) 
with 2n + k = dx(s). For any other degree of z, we assign SWx(s, z) to 
be zero. For any monomial as above, we can choose smooth 1-dimensional 
submanifolds representing 71 , • • • , 7fc. Then the holonomy along these loops 
defines a map: .M v(s) 1— ► U(l) k , whose generic fiber is a closed codimension 
k submanifold V 1Xj ... )7h in .Mx(s). The based monopoles define a [/(l)-fiber 
bundle «Mx(s) over .Mx(s)- Then SWx(s,z) is defined to be the result 
of integration of the n power of the first Chern class of this U{\) bundle 
over V™ ... 7fc . Equivalently, we can consider the associated rank n complex 
vector bundle E over the 2n-dimensional manifold V™... i7fe . Then SWx(s, z) 
is obtained by counting points with the orientation in the zero set of a generic 
strata transverse section of E over Vy lt ... )7fc . 

We can adapt the gluing theory for Seiberg-Witten monopoles developed 
in [11 1 to the setting of || and fl9|| . Thus, when T is sufficiently large, we 



obtain a gluing theorem for Seiberg-Witten monopoles, which identifies the 
4-dimensional monopoles on X with the following product: 

|J M x {s) = [JMx 1 (si,a)xMx 2 (s2,a). (16) 

seSpin c (X,si,B2) a 

Notice that, for L4,*] 6 Mx(s), we write [A,^f] as [Ai, ^ 1 ]# T [A 2 , ^2] 
under the gluing map (fR]). We have 

fE 1 ([Ai,*i]) + f Ea ([A 2j * 2 ]) = ci(B)-E. 

Now the gluing formulae follow from the definition of the relative in- 
variants SWx-l(si,zx) and SWx 2 { 5 2, z 2 ) for Zj € A(Xj), with values in 
Hiff (F ,i,Q((t))) and HF^{-Y ,-t) respectively. 

Note that, in the case of b 2 (X) = 1, the choice of the 1-cycle F fixes the 
choice of the chamber. In fact, the moduli space A4y (t, T), with the pertur- 
bation [*p] = r]PD(T), contains no reducibles. Thus, in particular, since the 

31 



relative invariants take values in HF^^ (Yq, t, Q((£))), once T is fixed, there 
are no wall crossing terms for SWx,s when we change the perturbation and 
the metric. □ 

We conclude with the following example. 



Example 6.6. (IP\J) Let (lo> s o) be the 3-manifold T, g x S 1 with the trivial 
Spin c structure So, where T, g is a closed Riemann surface of genus g. Then 
the gluing formulae in Theorem |fi,<5| for ^-manifold T, g x S 2 can be applied 
to study HF^ (S s x S' 1 ,So; Q((t))) and its ring structure. Here we have 
T = [pt x S 1 ], with the surface £ of Theorem \6^ corresponding to pt x S 2 . 
It turns out that, as a Sp{2g,Jj)-equivariant vector space, we have 

HF^J{H g x S\ So ;Q((£))) = H*{Sym 9 - x {Y) 

In particular, when E 5 is a torus, then 

HF^(T 2 xS\ 5 ,Mit)))^ 



Upon choosing the metric on T 2 x S 2 such that it has a long neck around 
T 2 x S l , the Seiberg-Witten invariant is computed as the wall-crossing term 
from the chamber corresponding to the unperturbed equations for the positive 
scalar curvature which has trivial Seiberg-Witten invariant, and the other 
chamber determined by the choice of V, then we obtain the following result 
from the gluing formulae: 

(SW T 2 XD 2(S , l),SW T 2 xD 2(s , 1)) 

= !>2n>lS W T 2 xS 2 ,2nPD([T 2 ])(l)t " 

Thus, up to sign, we can express the relative Seiberg-Witten invariant of 
T 2 x D 2 with the trivial Spin c structure as 

SW T 2 xD 2{s ,l) = t _ t -i - 
For z G A(T 2 x D 2 ) of non-zero degree, we have SWj<2 xD 2(so, z) = 0. 
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